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Introduction

The process of economic growth is
influenced by many factors. Some basic
elements of the growth process include the

quantity of capital per worker; the qualiry of
capital including factors such as ihproved
technology, innovation and inventioh; the
quantity of labor; and the qualiry of labor
involving education, improved labor skills,
and better health. Investment in the quality
of labor, or human capital, enhancei
economic growth through activities that
influence future real income by embedding
resources in people.

The pu{pose of this paper will

be

three-fold: first, to review the Harrod-Domar

I

"Long-Run Aggregate Growth Model," 1,2
second, to examine the importance of
investment in human beings, and third, to
critique the Ha:rod-Domar model.
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I

a
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where

: national income
K = the amount of the capital stock

Y

employed in the production of the national
rflcome
s - the stable constant of proportionality
called the output-capital ratio4

Further simplifying assumptions made in

the

Ha:rod-Domar model are: full
employment is initially assumed, ilo
government interrrention or international
fade is allowed, and no lags in adjustments

occur (output responds quickly to changes in
expenditures and expenditure immediatell,
responds to changes in income). The modei
is static, not dynamic.

s

Aggregate Growth Model3

Initial writings to extend the basic

Keynesian macroeconomic model were
undertaken by Evsey Domar and Roy
Harrod focusing on analysis of long-run
economic growth. In the long-run, the stock
of capital is not constant because net
investrnent adds to the already existing stock

- Y/K

(1.2)

stable from equation l.l, equation 1.3
shows that the growth in income musr be
proportional to the growrh in the physical
capital stock employed.

fuil

employment income level.
The fundamental theoretical structure of
the Ha:rod-Domar model contains a simple
production function that relates ouput to the
capital stock by way of the ouput-capital
ratio, which states that national -income is
proportional to the quantiry of capital. This
is shown by the equation

1.1

From equation 1.2, it is now evident why e is
called the output-capital ratio.
Assuming that the output-capital ratio is

AY

- sAK

(1.3)

If it is assumed inirially thar full
employment exists, it can then be shown that
the annual growth of income will be limited
by the growth of the capital stock.
If the net annual change in the physical
capital stock is defined to be net physical
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Dividing both sides of the equarion
by K, one obtains
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investrnent (I), then one could substitute I
for -K in equation 1.3, resulting in equation
1.4

AK =

qI

constant rate over time, and if futl
employment saving is to be balanced by an
equal amount of investment expenditure,

(I.4)

In the case where an economy

saves a
constant proportion(s) of its income each
year (note also that consumption will be a
constant proportion of income) and desired
saving (leakage) equals desired investment
(injection), one can write:

S=I=sY
where
Now,

s-

(1.5)

marginal propensiry to save.
sY for I in equation

if one substitutes

1.4, we obtain

AY =

necessary to continually increase aggregate
expenditure. Also, if the equilibrium level
of full employment saving increases at a

there must be an increasing amount of

investment forthcoming in every year, That
is, in order to continually maintain
production at full employment, aggregate
demand must increase by larger and larger
amounts over time so as to fully utilize the
newly created potential output.
This growth procers may be illustrated
by making the assumption that the stock of
capital is proportionate to the level of output
which the economy is capable of producing.
By following the original assumptions of no

fiscal activity, no foreign trade,

s5f

(1.6)

By dividing both sides by Y, our resulting
equation is

AY/Y = qs

(1.7)

I

I

I

and

proportional changes in consumption related

to income, one can see that "these

assumptions imply that equilibrium income
occurs when planned savings equals planned

investment"5 and that the consumption
function may be represented by C = bY,
where b equals the marginal propensity to

o

consume.

Examining the relationship AY/Y, one can
see that this ratio is the annual growth rate

of income

necessary to maintain a
fully-employed stock of capital. At this
growth rate, business expectations will be
realized or "warranted." This is why the

growth rate described above is referred to as
the warranted rate of growth in the literature.
By keeping the a (output-capital ratio)
constant, from equation 1.7 above, one can
see that AY/Y, or the annual rate of growth,

is in fact a function of the proportion of

income that has been saved. For purposes of
exposition, assume that a : I and s = 0.50
then the annual growth in income would be
50 percent. This "warranted rate of growth"
changes in proportion to the economy's
marginal propensity to save . If the marginal
propensify to save were to double, then the
warranted growth rate would also have to
double,

With a positive level of net investment,
continued increases in potential aggregate
capacity will occur over time. In order to
fully utilize this additional capacity, it is

Net investment adds to an economy's
productive capacity. The more net

investment that occurs in a period, the larger

will be the productive capacity of the
economy in the next perid. So with a
stable consumption (saving) function, the
level of investment will have to be increased
over time in order to maintain aggregate
demand

at the new full

employment

(capacity) output. This is illustrated by
Figure I on the next page.
Assume that the output $100 represents
the economy's full employment level of
output in time period 1. Given these initial
assumptions, consumption will be equal to
$50, and the level of saving will equal $50.
If all saving flows into investment (that is,
planned saving equals planned investment),

then the output level

of

$100

will

be

of

the

maintained. Because of the new investment,
the economy's potential output is increased
in time perid 2 to the output level $150. If
the economy is going to sustain this new
output level, the amount of planned saving
($7S1 must flow into new investment. If this

happens, the potential capaciry

Augsburg Honors.Reyrcw (1989)
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economy will again increase in time period
3 to $225.

I

If this process

(r)
Time
Period

continues, then the

economy's potential to produce

will

increase

Capital
(APS = .50)

by increasing amounts over time. The
amount of the increase depends upon the
output-capital ratio, i.e. the relationship
between the economy's productive capacity

I

and its stock of real capital. fil

I

ouput-capital ratio of 1 means that one unit
of capit{l produces one unit of ouput per
perid of time.
This process is shown in Table 1.

t

(2)
(3)
(4)
Full-Employ-Investment OutputmeDt =Saving Capital
Ouput = Increase in Ratio = I

1
L

100
150

s0

3

225

112.5

1.00
1.00
1.00

75

Table

(5)
Incrcase in

Potential

Ouput
(Col 3 x 4)

50
75

I12.5

I

Column ( 2) shows the full employment level
of output for each time period. Assuming an
initial level of oulput of $100,
column (3) shows that planned
saving equals planned investment
(or the increase in capital) along
Y:C+I

C+I

with the assumed average

.50. Given
that the output-capital ratio is
equal to 1, the resulting increase
in output will be equal to rhe
propensity to save of

(I)

Lao +I 2
a

o

c1

C

0

+J

a

I

increase in the stock of capital.

112.5

C=f(\)

I

l

75

(c)
TT2,5

0

0 r00 150

Y

22s

S,I

I
I

t

2

of

these assumptons

are

:

fixed output-capital ratio, fixed

average propensiry to save, and
the absence of such factors as
government fiscal and monetary
policies, changes in technology
and business taxes.

r 12.5

II

f,

5

s0

I

100 150
Figure I

!
I

225

Ig

Y

The "warranted rate of
growth" for an economy is not

necessarily equal to its actual rate

of growth in the Harod-Domar
model. This can be seen by

understanding the implication put

forth by the production function
suggested by equation l.l(Y-aK).

Because both labor and capital are

required factors
Aug$urg Honors Revicw (1989) . page 28
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we can calculate the rate of
economic growth. The fuil
employment growth rate is
(.50X1) = .50, or 50 percent per
time period. Recall that rhe
Harrod-Domar model is a simple
model of economic growth based
on a number of assumptions.
Some

s=g(Y)

o

This addition ro

output is added to the additional
output level in time period 2, etc.
Given the long-run APS of .50
and the output-capital ratio of l,

of

production,
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of the fixed
output-capital ratio could be that capital and
labor are perfectly complementary and are
combined in fixed proportions.
From this we can deduce that there
would be only one combination that would
be appropriate to produce any one specific
Ievel of income. The L-shaped isoquants,
shown in Figure 2 below, itrt charactcristic
of a production function that uses factors
which are perfect complements. In this
figure, we can see for example that three
one possible interpretation

K
a.
o

tfr

stock

is growing, there will not be an

Y

6

I
I
I

1

I

Y+

1

:2

This can be shown by the following
example: assume that the stable outputcapital ratio (') is equal to I and the
marginal propensity to save (s) is equal to
0.5. The "warranted rate of growth" (os)

3

4

units of income

unil of income

L

6 I912

actual rate of growth would
also be 50 percent provided
an excess amount of labor
is available to be combined

However, the 50 percent
growth rate in income will
not be maintained if the
supply of labor does not
continue to also increase at
a rate of 50 percent per

Units of I-abor

Figure * A Fixed Output-CaPital
Ratio Production Function

I

would then be equal to 50
percent per year. The

with capital in fixed
proportions as is suggested
by the
L-shaped
production isoquants.

a

I
I
I

I

increase in the level of income if no excess
labor is available to combine with capital.

IUL
Y = 3 units of income

$ 9

U

increase at the wananted rate when there is
an excess supply of labor or when the labor
force is gfowirig al the same rate as net
physical invesffnenl Even if the capital

I

t

(fixed input
proportions requires this to
year

units of capital and four units of labor will
be required to produce one unit of national
lncome.
The required capital-labor ratlo G/L) for
any given amount of output in this instance

is 314. Because labor and capital

are

perfectly complementary, if labor increases
as capital is held constant, there will be no
increase in the level of national income; in
effect labor becomes redundant" This will
also hold true if capital is increased while

holding labor constant. Capital

then
becomes the redundant factor. However, it
can be seen from Figure ? that if all inputs
(both capital and labor) are increased at the
same time and in the samc proportions,
national income will be increased by the
same proportion. For example, if both labor
and capital were doubled, national income
would also double. This kind of production
function exhibits constant retums to scale.
Because the aggregate production
function in Figure 2 has L-shaped isoquants,
it is evident that national income will only

be tnre).

The actual growth rate of an economy is
constrained by the failure of the labor supply
to keep pace with the increase in net

physical investment. In fact, given the
assumption about the form of the aggregate
production function, the actual growth rate
of the economy will be held to the amount
of the growth rate of labor. For example. if
the growth rate of labor were only 25
percent per yeil, the rnaximum change in
national income could be no more than 25
percent per year. Because of this,
unemployment of capital would result.
There is another source for increasing
the growth rate of income if the change in
the economy's labor supply is unable to keep
pace with net physical investment. By
employing labor-saving technological
processes, fewer units of labor will be
needed in order to produce a given quantity

of output when combined with the same

amount of capital as before. Labor-saving
techniques can be viewed as imperfect

Augsburg Honors Review (1989)
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this would have the same effect as a 3
percent increase in the labor supply. With
technoiogy can be illustrated graphically and
this kind of increase in the efficiency of the
labor
supply (labor-saving technological
is shown in Figure 3 on the following page.8
process),
the economy could still attain an
By acknowledging labor-saving
growflr
effective
rate of 28 percent rather
technological progress, the amount of labor
percent
than
the
25
arrived at earlier even if
needed for any given amount of capital will
growth
the
rate
of
the
labor supply is unable
decrease, ffid the capital-labor ratio (K/I-)
pace
to
keep
with
physical investment.
net
will increase. This movement is shown in
"actual"
The
mzurimum
growth rate of
Figure 3 by a counterclockwise movernent
national
income
will
be
only
28 percenr (25
of the capital-labor ratio ray to (K/L)*.
percent assumed growth ra te in the labor
supply plus 3 percent lncrease rn the
effic
lency of the labor supply) and not
I(JL :1
It
the
warranted" growth rate of 50
K
percent (which would exist if a = I and
WL:314
Y Y
s - 0.50). The maximum "actual"
I
growth
rate of national income is what
qsuhstitutes for an increase in the growth rate

of the labor supply. This labor-sa*ring

t

t

t

U
14

6

----Y-:IY-=J---

Harrod termed 'the natural rate of
growt. ' 9
Because of the marginal propensiry

J
I
I

t

I

34

0

L

6 I9t2

Figure 3: Labort Saving Technological
Progress in a Harrod-Domar Model
Production Function

o
is a stable
constant, three units of capital will stitl
produce one unit of income, but now will
have to be combined with only three units
of labor instead of four.
This "effective" growth rate of the labor
force (AL/I-) can now be divided into two
pafis. This is shown in equation 1"8 below:
Because the output-capital ratio

LLIL

t

I

where -N/N
labor force

- AN/N + a

* the "actual"

(1.8)

growth rate of the

fl = the growth even if the growth rate of the
labor supply
with net
- is unable to keep pace
-labor-saving
physicat investment oftechnology.
If one assumes that a labor-saving

technological process increases

save, the ouput-capital ratio, the
growth rate of the labor force, and the
rate of labor-saving technological

progress are all

Units of Labor

I

to

the

efficiency of the labor supply by 3 percenr,

determined
independently from each other, there

exists

rate (capital stock fully
employed), unemployment of labor would
be present; or if the wiuranted rate is larger
warranted

than the natural rate, there would be
unemployment of capital. Because of this

the Ha:rod-Domar model is often referred to
as a "razor-edge" model.

The razor-edge character of the
Harod-Domar model has been criticized as
too rigid by some economists. Too much
emphasis is placed on the assumption of a
fixed output-capital coe ffic i ent (produc ti vi ty
of capital). This assumption results in the
razor-edge character of the model. The
economy is locked into a very rigid and

narrow equilibrium path.
A disequilibrium condition will result if
there is the smallest change from initial

equilibrium in any of the paramercrs
contained in equation 1.8. There exisrs no
inherent mechanism in the model to move
the economy back on its equilibrium growth

Augsburg Honors Review (;,989)

t

a very low probability that a

Harrod-Domar economy would grow at
an equilibrium or full employment rate.
For example, if the natural rate (i.e" the
actual growth rate) is greater than the
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to Iead a fuller life. The investment side is
demonstrated through the gains accruing to
the educated person in the form of hifher
wages and earnings and increased real
output for society. lnvestment in education
also increases the foundation of knowledge,
piloting the advancement of productiviry
and the improvement of health for society as

countries have higher average levels of
education and longer life spans than those of

a

underdeveloped countries.
Investment in education provides society
with knowledge of available resources,
possible production methods, financial and
industrial skills, as well as other techniques
which contribute to economic growth.
Professor Theodore W. Schulu in his paper

I

"Reflections on Invesfrnents in Man"
coflveys this need for investment in

t

Suppose there were an economy with the land
and the physical reproducible capital including the
available techniques of production that rr/e now
possess in the United States, but which auempted to
function under the following restraints: there would

a whole.

There are also the external benefits or
spillovers associated with education that
affect those other than the educated person.
The children of the educated person may
profit through a better informal education in
the home, and the surrounding community
benefits by having an educational syste m
that instills proper principles and morals in
its students which may promote better
citizenship.
Actually, a benefit from education can

education in the following way:

be no person available who had any on-the-job

experience, none who had any schooling, no one who
had any information about
the economy except of his

I

Iocaliry, each individual
would be bound to his
locality, and the average
life span of people would
be only forty years. Surely

production would fall
catastrophically. It is

o

both low output

markedly

t

P'

C

P

U U,

and

exraordinary rigidity of

the capabilities of the
people were raised

t

by

0

P
Figure

investing in

the*.17

Economies that fail to increase
investnrents in education inay suffer a severe
constraint to economic progress. These
consffaints are manifest in many forms such
as "low labor efficiency, factor immobility,
limited specialization in occupations and in
trade, a deficient supply of entrepreneurship,
and customatT values and traditional social
institutions that minimize the incentives for
economic change." 18
Investment in education can be seen to
have a dual character: a consumption side
and an investment side. The consumption
side is manifest through the enjoyment
education enables one to have by being able

P'

0

X

UA

Figure

4

5

refer to anything which pushes both the
production possibilities curue and utility
possibilities curve outward for society.
Such benefits may be a result of increased

productivity, through increases in
technological know-how, and increased
labor efficiency. According to Paul A.
Samuelson, "A uniform shift in the

production-possibilities function must
certainly shift the utility-possibility function
outward. The converse is not true. An

in the utility-possibility
function may have occurrcd as the result of a
twist of the production-possibility curve." le
This relationship is shown in figures 4 and 5
outward shift

aboue,2o

Some observations regarding Figure
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follow: An), point on the utility possibilities
function is Pareto Optimal (efficient), in the
senrie that one person cannot be made better
off without the other being made worse off.
A rnovement from point A to point B would
be Pareto Superior (improvement). A
movement from D to C (a movement along
the new utility possibilities function) would
be Pareto Noncomparable, because both
points are Pareto Optimal. However, a
movement from point A (on IrUl) to point

D (on Uuz) would be

Parero

Noncomparable because person B would be
better off while person A is left worse off.
One policy implication is that economic
growth per $e need not make everyone
better off. Some individuals may be worse
off. However, further discussion of the
"normative" aspects of the growth process is
outside the realm of this paper.
On-the-job training rnay be as important
historically as formal education in
contributing to economic growth.
According to Jacob Mincer, '*Measured in

terrns of cost, on-the-job training is as
important as formal education for the male
labor force and amounts to more than half of
total (male and female) expenditures on
school education. Aggregate and per capita
investments in on-the-job training have been
increasing since 1939, though at a slower

rate than investments in
educatio n."21

formal

The productive skills of many workers
are increased by learning new techniques
and mastering old ones while on the job. An
apprentice, for example, will learn new
skills while the lawyer perfects ones already
learned in law school. The process of
on-the-job taining differs only slightly from
its educational counteqpart of specialized
institutions in that it most likely will be less
expensive and less time-consuming; the
main cost incurred will be the time
expended teaching the skill, along with the
equipment and materials used. In short, a
dollar invested in on-the-job training may
yield a more rapid payoff to society in terms
of increased output than a dollar spent on the
more raditional liberal arts education. The
payoff to a society of a more traditional
(college) education, though probably more
important, overall, may be further out in the

future.

fV. Critique of the Harrod-Domar
Aggr6gate Growth Model

In the

o

previous four decades, the

aggregate economic gfowth models most
widely accepted have rarely taken into
account the concept of investment in human

capital. The Harrod-Domar aggregate
growth model is no exception to this tend.
Basically, it is a model of long-run

t

only a short period of time due to the
capaciry-creating effects of net investment:
potential or full employment gross national
product will grow over time. In addition,

t

economic growth, the stock of capital is not
fixed; net investment is positive. At best,
the concept of equilibrium has meaning for

the model is basically Keynesian. However
as stated aUoue, ii i;iongfru; oriented rathei
than short-run. Given the increase in
potential gross national product over time,
output must grow in order to guarantee that
the additional capacity will be fully urilized.
In other words, aggregate (expenditure)
demand must continue to increase over time.
The model suggests that investment

must grow at an annual rate equal to the
product of the average productivity of
investment and the marginal propensity to
save so that full employment will be
reached over time. It assumes that the
marginal and average propensities to save
are equal and that the marginal and average
values of the output-capital ratio are also

equal.

In order to maintain full

employment
over time, Domar states "that it is not
sufficient, in Keynesian terms, that savings
of yesterday be invested today, or, as it is so
often expressed, that investment offset
saving. Investment of today must always
exceed savings of yesterday... The economy

I

o

o

t

must continually expan d."22

Constant values

for the

marginal

propensity to save and the productivity of
investment coefficient (Y/t() are taken as
given in the growth model. One would

obtain different results
hy assuming
different values of s and q. For example,
investment would not have to increase

Augsburg Honorc Revicw (1989)
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continually over time if the long-nrn
propensity to save would fall (an angular
rotation downward in the saving function, as
shown in Figure 6. In Figure l, the same
result can be demonstrated by an upward
rotation in the consumption function).23
AIso, a fall in the productiviry of capiral
would i-ply that the influence on capacity

t

Where:

S^

I,S

Je

>Sr'S

s3
1

s2

I

Io

,I
0

I
I
I

t

Yl

Y3

\
Figure

t

I

Y

6

for any particular amount of new investment

would be smaller. Income

(aggregate

demand) would not have to grow as rapidly
to absorb the additional capacity.
Moreover, the model demonsffates some

a

I

e

practical drawbacks as an applied policy
tool. First, determining the proper rate of
income growth, requires knowledge of what
the values of s (marginal propensify to save)
and a (output-capital coefficient) actually
are. Secondly, tle output-capital coefficient
is an average value for the entire economy.
This value will more than likely vary from
industry to industry. Finally, the model does
not distinguish between the growth rate
necessary to fully employ the labor force
and the growth rate needed to fully employ
the economy's capital stock. The growth
rate which would ensure full employment of
capital may not ensure full employment of
labor and vice versa.
Further, if the notion of investment in
human capital is included in our discussion

of the Harrod-Domar

I

model, then

the

conclusions that flow from the original
model can be modified. The introduction of
human capital as an additional input in the
aggregate production function would altrow
us to drop the assumption that capital and
labor are always combined in fixed

one allows that physical

save.

If one postulates a variable proportions
aggregate production function, then an
adequate explanation of the growth rate
would be one that must explicitly include
human capital in the analysis. When one

for the possibility of

variable

proportions, one departs from the rigid
assumptions of the Hanod-Domar model.
The model would now reflect more of a
neoclassical growth model which
acknowledges substitutability between
factors of production. Instead of having a
production function which produces a single
production process (fixed input proportions),
we now have a larger number of production
processes; that is different combinations of

human capital and physical capital

are

possible.

With a production process capable of
varying the combination of human and
physical capital employed, it follows that
instead of the fixed relationship between
physical capital and the output level
presented in the Harrod-Domar model, the
output-capital ratio would also be capable of

changing.
fixed.

It would no longer be rigidly

For example, the larger the amount of
human capital that is combined with a given
stock of physical capital, the larger the
output-physical capital ratio (or the
productivity of physical capital) will be and
the smaller will be the output-human capital
ratio or the productivity of human capital.
The converse of the above argument is also
true becuase the results flow from the notion
of diminishing marginal productivity. The
introduction of human capital into the model
takes some of the "edge" off of the "razor."
Theodore Schultz states that "a concept
that is restricted to structures, producer
equipment and inventories (the omission of
expenditures on research is also serious)
may unwittingly direct attention to

issues

that are not central or critical

in
understanding economic growth over long

AugsDuqg Honon Revicw (1989)
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the growth rate of an economy can be
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periods."24 A further quote from the same
author points out the importance of human
capital in the long-run growth process:
Empirical research has revealed a basic contradiction
that face economists. The observed growth rate of
output has been considerably greater than the rate of

irrcrease in the main resources ttrat produce the
output. The most reasonable explanation for this
appiffint contradiction is that fte economist's

of capital and labor hours
worked failed to include runy of the improvements
made in the quality of these resources, especially

vice-versa? 4) How does a

counfiy
determine the appropriate long-run mix of
physical and human capital needed for
continuous growth? and 5) what are *re
"normaiive" implications of economic
growth? These questions and others have to
be addressed in order to firmly establish
criteria for investing in human capital.

improvements in the quality of human inputs.zs

(1) Domar, Evsey D.

"Expansion

and

TIE American Economic Review'.
(Evanston, Illinois, The American Economic

Employment,"

V. Conclusion

Association), 1947. pp.34-55.

The growth model discussed here and
developed by R.F. Harrod and Evsey D.
Domar seems appropriate given its
assumptions. Harod-Domar's analysis,
even with limitations, has pointed out the
capaciry-creating effects of net investment.
Thus, one can better understand why an
economy must continue to grow if full
employment is to be maintained over time
and that the growth rate necessary to
generate a fully employed economy is not
automatically guaranteed.
However, by not dealing directly with
the importance of investment in human
capital, the Harrod-Domar theory does fall
short in terms of a fuller understanding of
the growth process. The attention being
given to investment in human capital is still
evolving.
There are still many questions that
should be asked and others that remain
unanswered concerning the contribution of
human capital to the general growth process.
Five questions that merit further

investigation
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estjmates of the real stock

iue: I ) The problem

I

of

measurement; is it possible to separate the
consumption and investment components of
human capital investments, both formal
education and on-the-job raining? 2) How
does a nation determine the correct
composition between the investment in
tangible goods and investment in intangible
goods (i.e. education)? 3) At what point in
a counEy's development does the formation
of physical capital become less important
than the development of human capital or
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(2) Harrod R. F. "An Essay in
Ttleory," The Economic Journal.
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([,ondon,

Macmillan and Co.), 1939. pp. 14-33.
(3) Ibid.,

(lx2)

(4) The output-capital ratio is defined as the
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of as the present value of the flow of income from
future labor services.
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